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I N V A R I A N T  S O L U T I O N S  OF R A N K  1 OF T H E  E Q U A T I O N S  

OF P L A N E  M O T I O N  OF A V I S C O U S  H E A T - C O N D U C T I N G  P E R F E C T  GAS 

V. V. Bubl ik  UDC 517.95+519.46 

A system of equations of plane motion of a viscous heat-conducting perfect gas is considered: 

2 
p(ut + ~u~ + w~)  = -p~ + ~(~,(2u~ - vy))~ + (~(~y + ~))~;  (1) 

2 
p(vt + uv~ + vvy) = -py  + (#(uy + vz))~ + 5(~(2vy - u~))y; (2) 

p, + (~p)~ + (vp)~ = 0; (3) 

pt + up~ + vp~ + 7p(u~ + vy) 

- - -  1)~ 4 ( ~  ~ ~ )  + ( ~  + ~y)2) (4) 

Here u and v are the coordinates of the velocity vector, p is the density, p is the pressure, p = (p/p)~ is 
the viscosity coefficient, kop is the heat-conductivity coefficient, 7 is the ratio of specific heats, and R is 
Boltzmaan's constant. 

The goal of this work is to construct all invariant solutions of rank 1 for system (1)-(4) [1]. 
As is shown in [2], system (1)-(4) admits the Lie algebra Ls with the basis 

x l  = o~, x 2  = Oy, x 3  = t &  + O,,, x 4  = tOy + O., 

x s  = yO~ - zOy + vO,. - u & ,  x 6  = Or, 

x r  = tO, + ~o.  + yo~ - po .  - pop, 

Xs  = zO~ + yO~ + uO,, + roy + 2(w - 1)p0, + 2wpOp. 

Table 1 is the commutator table for the operators of the Lie algebra Ls. Here and below, admissible 
operators are represented by their numbers. 

Table 2 gives actions of the internal automorphisms of the Lie algebra Ls on the coordinates of the 
vector X = x iXi .  To these we add the discrete automorphism El, which corresponds to the reversal of the 
direction of the x axis. The actions of the automorphisms A1 and A2 are combined into the action of the 
automorphism T, and A3 and A4 are combined into the action of the automorphism F. The group parameter 
of the automorphism Ai (i = 1 , . . .  ,8) is denoted by ai. Also, the following notation is used: c~1 = (al,a2), 
oe2 = (a3,a4), a7 = exp{aT}, and as = exp{as}, 

- s i n a 5  cosa5 ' 1 0 " 

Table 3 gives the normalized optimal system of subalgebras of the Lie algebra La [3]. The first integer 
in the subalgebra number denotes its dimension, and the second denotes its number among the subalgebras 
of the given dimension, N is the basis of the subalgebra, and NorN is its normalizer. The coefficients c~ and 
~ take any real value. The coefficients ~ and e do not take values of 0 and -1 ,  respectively. The coefficient ~ 
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TABLE I 

1 2 3 4 5 6 7 8 

I 0 0 

2 0 0 

3 0 0 

4 0 0 

5 2 - I  

6 0 0 

7 - I  -2  

8 - I  -2  

0 0 -2 0 I I 

0 0 i 0 2 2 

0 0 -4 - I  0 3 

0 0 3 -2 0 4 

4 -3 0 0 0 0 

I 2 0 0 6 0 

0 0 0 -6 0 0 

-3 -4 0 0 0 0 

TABLE 2 

Automorphism Pl = ( Z1, Z2) P2 : ( x3, Z4) 

T Pl +Ot l  A z 5  "Jr ~1(2~7, 2 ~8) P2 

F Pl - a2 z6 P2 -I- o t2Ax 5 ~- ct2z s 

As pl S p2S 

Ae Pl + asp2 

A~ a~pl P2 

As asp1 asP2 

E1 (__X3, X4) (__:~1, X2) 

Z 5 X 6 

2; 5 X 6 

Z $ X 6 

;~5 X 6 

x s x s + o.sz ~ 

X $ Or7 x6 

X 5 X 6 

Z6 

X 7 

Z 7 

~7 

Z 7 

~7 

Z 7 

X 7 

X 8 

X 8 

~.8 

X 8 

X 8 

X 8 

X 8 

do not take values of 0 and -1 ,  and the coefficient ,7 takes values of +1 or -1 .  Self-normalized subalgebras 
are denoted by the equality sign. The superscript indicates that in the given subalgebra the parameter value 
is equal to the superscript (for example, 7.20 designates the subalgebra 7.2 with a = 0). 

Invariant solutions of rank 1 are constructed on the basis of subalgebras of dimension 2. Among these, 
subalgebras 2.15 and 2.30 do not satisfy the necessary conditions of existence of an invariant solution. For 
the remaining subalgebras, invariant solutions are given below. For each submodel, the subalgebra number 
on whose basis it is constructed, invariants of the corresponding subgroup and the form of the solution are 
given. To save space, the quote system is not given here; this can be readily obtained by substituting the form 
of solution into system (1)-(4). If partial or full integrations of the quote system are possible, its result is 
given. If, among the operators defining the subalgebra there is the operator Xs, system (1)-(4) is conveniently 
written in polar rather than Cartesian coordinates. The Cartesian and polar coordinates are related by 

z = r c o s ~ ,  y = r s i n ~ ' ,  u = U c o s ~ - V s i n r  v = U s i n ~ v - V c o s ~ .  

Then, the operators in the polar coordinates take the form 

Xs  = -c3~, )(7 = tBt + rot  - pop - pop, 2 8  = rot  "4" UoQU Jr VOv "4- 2(w - 1)pG~p "4- 2~zpOp. 

The constants of integration are denoted by cl, p0, and p0- 
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" F A B L E  3 

Subatgebra  
N NorN 

number  

7.1 1 , 2 , 3 , 4 , 5  + a 8 , 6 , 7  + B8 L8 
7.2 1,2,3, 4,5 + ~7,6,8 La 
7.3 1,2,3,4,5,7,8 =7.3 
7.4 I, 2, 3, 4, 6, 7, 8 Ls 

6.1 

6.2 

6.3 

6.4 

6.5 
6.6 
6.7 

6.8 

6.9 

6.10 

6.11 

5.1 
5.2 

5.3 

5.4 

5.5 

5.6 
5.7 

5.8 

5.9 

5.10 

5.11 

5.12 

5.13 

5 .14  

5.15 

5.16 

5.17 

5.18 

5.19 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 
4.10 

4.11 

4.12 

4.13 

4.14 
4.15 

4.16 

4.17 

4.18 

1, 2 , 3 , 4 , 5  + a 7  + /~8 ,6  

1,2, 3 , 4 , 5  + a8 ,  7 + /~8  

1 , 2 , 3 , 4 , 5  + 6 7 , 8  

1 ,2 ,3 ,4 ,  5 + a 8 , 6  + ,78 

1 , 2 , 3 , 4 , 6 , 7  + a8  

1 , 2 , 3 , 4 , 5  + 6 , 8  

1 , 2 , 3 , 4 , 5 , 8  

1 , 2 , 5 , 6 , 7 , 8  

1 , 2 , 3 , 6 , 7 , 8  

1 , 2 , 3 , 4 , 7 , 8  

1 , 2 , 3 , 4 , 6 , 8  

1,2,3, 4,5 + 57 + ct8 
I, 2,5 + a8,6,7 +/38 

1,2,3,4,5 + a 8  
1,2, 5 + a 7 , 6 , 8  

I, 2, 3, 4, 5 +6 + a8 
1,2,3,6,7 + a8 
l, 2, 3,4, 7 +a8  

3, 4, 5, 7, 8 

1, 2, 5, 7, 8 

I, 3, 6, 7, 8 
I, 3, 4, 7, 8 
1,2,6,7,8 
1, 2, 3, 7, 8 

1 , 2 , 3 , 4 + 6 , 7 + 8  

1 , 2 , 3 , 6 , 4  + 7 

1 , 2 , 3 , 6 , 8  

1, 2, 3, 4, 8 
I, 2, 3, 4, 6 + ,/8 

1, 2, 3, 4, 6 

1 , 2 , 5  + a 7 + ~ 8 , 6  

3,4,5 + a8,7 + ~8 
1 , 2 , 5  + a 8 , 7  + ~ 8  

3, 4, 5 + or7, 8 
1 ,2 ,5  + a 7 , 8  

1 , 3 , 6 , 7  + a 8  
1 , 2 , 6 , 7 + a 8  

1 , 3 , 4 , 7  + a 8  

1 , 2 , 3 , 7  + a8  
I, 2, 5 + a8, 6 + ,/8 

1 , 2 , 5 + 6 , 8  

5 , 6 , 7 , 8  

1 , 6 , 7 , 8  

3, 4, 7, 8 
l + a2,3, 7,8 

2, 3, 7, 8 
1,2,7,8 

1,3,6,2+7--8 

L8 

7.3 

7.3 
7.20 

Ls 
7.20 

L8 
= 6.8 

= 6 . 9  

= 6.10 

L8 

7.3 
6.8 

L8 
6.8 
7.20 

7.4 
7.3 

= 5.8 
=5.9 

= 5 .10 

6 .10  

6.7 

= 5.13 
= 5 .14  

6.5 0 

6.9 

L8 
7.2 0 

L8 

6.8 

5.8 

5.9 

5.8 

5.9 

5.10 

6.8 

----4.8 

5.13 
5.4 o 

5.40 

= 4.12 

= 4.13 

5.8 
= 4.15 

= 4.16 

5.9 

5.6 - I  

T A B L E  3 C o n t i n u e d )  

Subalgebra  N NorN 
number  

4.19 

4.20 

4.21 

4 22 

4.23 

4.24 

4.25 
4.26 

4.27 

4.28 

4.29 

4.30 

4.31 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 
3.7 

3.8 

3.9 

3.10 

3.11 
3.12 

3.13 
3.14 

3.15 

3.16 

3.17 

3.18 

3 .19  

3.20 

3.21 
3.22 

3.23 

3.24 

3.25 

3.26 

3.27 

3.28 

3.29 

3.30 

3.31 

3.32 

3.33 

3.34 

3.35 

3.36 

3.37 

3.38 

3.39 

3.40 

1 , 3 , 4 , 2 + 7 - - 8  

1 ,3 ,4  + 6 , 7 + 8  

1 , 2 , 3 + 6 , 7 + 8  

1 , 2 , 3 + 7 , 6  

1 , 2 , 3 , 4 + 7  

1, 2 , 3 , 6  + ,78 

1 ,3 ,6 ,8  
1 ,2 ,6 ,8  

1 ,3 ,4 ,8  

1 ,2 ,3 ,8  

1 , 2 , 3 , 4 + 6  

t , 2 , 3 , 6  

1 , 2 , 3 , 4  

3,4,5 + a7 +/~8 
1,2,5 + ,57 + c~8 
5 +a8 ,6 ,7+~8  

1,2,5+a8 
5 + cr7,6,8 

1,2,5 +6 +or8 
5 ,7 ,8  

1 , 6 , 7 + 6 8  

3,4, 7 + e8 

1 + a 2 , 3 , 7 + ( 8  

2,3,7+(8 
1,2,7+68 

6,7,8 
3, 7, 8 

1,7,8 
1,6,2-1-7--8 
3,4 ,1+7--8  

I + a 2 , 3 , 2  + 7 - - 8  

2 , 3 , 1 + 7 - - 8  

1 , 3 + ~ 4 + 6 , 7 + 8  
1 , 4 + 6 , 7 + 8  

3,4,7--8 
1 + a2,3,7 -- 8 

2,3,7 -- 8 
1,6,3+7 
1,4,3+7 
1,2,3+7 

1,3 + a 4 , 4  + 7 
1,3 + a4,7 

1,4,7 
1,2,7 
1,6,7 

1,3,6+78 
1,2,6+'/8 

1,6,8 
3,4,8 

I + ~2, 3, 8 
2 , 3 , 8  

1 ,2 ,8  

1 , 3 , 4 + 6  

5.7 -1 

-- 4.20 

= 4.21 
6.5 0 

5.7 

6.9 

5.10 

6.8 

5.11 

6.9 

6.11 

7.4 

L8 

5.8 

5.9 

4.12 

6.8 

4.12 
5.40 

= 3 . 7  

4.13 

5.8 

4.15 

4.16 
7.3 

4.12 

= 3.14 

= 3.15 

= 3.16 

6.10 

5 .13  

5 .13  

= 3.20 

= 3.21 
7.3 

5.13 

5.13 
4.6 0 

4.8 0 

5.70 

4.8 0 

5.11 

5.11 

5.9 

5.10 

4.25 
5.40 

4.13 

5.8 

4.15 

4.16 

6.8 

5.14 
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TABLE 3 (Final) 
Subalgebra 

N NorN 
number 

3.41 
3.42 
3.43 
3.44 
3.45 

2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 

2.10 
2.11 
2.12 
2.13 
2.14 
2.15 
2.16 
2.17 
2.18 
2.19 
2.20 
2.21 
2.22 
2.23 

2.24 
2.25 
2.26 
2.27 
2.28 
2.29 
2.30 
2.31 
2.32 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 

1.10 
1.11 
1.12 
1.13 

1 , 2 , 3 + 6  
1,3,6 
1,2,6 
1,3,4 
1,2,3 

6 , 5 +  ~7+/38 
5 + ~ 7 , 7 + ~ 8  

5 + ~ 7 , 8  
5 + 08,6 + 178 

6 , 7 + e 8  
3 , 7 + ~ 8  
1 ,7+68  
5 + 6 , 8  

5,8 
7,8 

6 , 1 + 7 - - 8  
3 , 2 + 7 - - 8  
1 , 2 + 7 - - 8  

3 , 1 + a 2 + 7 - - 8  
6 ,7 - -8  
3 , 4 + 7  
1,4+7 

1 , 3 + c r 4 + 7  
1 , 3 + 6  

3,7 
1,7 

1,6 + I/8 
6,8 
3,8 
1,8 

1, ct3 + 4 + 6  
1,6 
3,4 

I +82 ,3  
1,3 
2,3 
1,2 

5+57+08 
5 + 0 8  

5+6+08 
7+58 

1 + 7 - 8  
3+7 

7 

6 +178 
8 

3+6 
6 

3 

I 

6.51 

6.9 
Ls 

6.10 
7.4 

4.12 
3.7 
3.7 
3.50 

4.12 
3.14 
3.15 
3.50 

4.12 
3.7 
5.12 
5.13 
4.17 
5.13 
5.12 
3.90 
4.8 0 
4.8 0 
5.6 z 

4.14 

5.11 

4.13 
4.12 
3.14 
4.13 
5.14 
6.9 
7.3 

6.10 
7.4 
6.10 
Ls 
3.7 

4.12 
3.50 

3.7 
3.12 -~ 

3.90 

5.8 
3.50 

4.12 
3.41 
6.8 

6.10 
7.4 

Submodel 2.1. The invariants of the group arc 

r e x p { ( a  + ~ ) ~ } ,  U e x p { f l ~ p } ,  Vexp{/]V}. 
p e x p  {(2/3(w - 1) - c~)~}, p e x p  {(2/3w - a ) ~ } .  T h e  

solution is of the form U = UI(~)exp {-/3~},  V = 
Vt(~) exp { - f l~} ,  p = pl(~) exp {(~ - 2~(w - 1))~}. 
p = p l (~ )  exp  { ( ~  - 2 ~ ) : } ,  ~ = r e x p  { ( ~  + ~):} 

Subraodel 2.2. The invariants of the group are 

rt -a - l  exp { - a f l ~ 2 } ,  Ut/r, Vt /r ,  pr2-2wt -1+2~. 
pr-2'~t 1+2~'. The solution is of the form U = 
U l ( ~ ) r / t ,  v = V l ( ~ ) r / t ,  p = 11(~)~2~-2t  1-2~, p = 
pl(~)r2Wt -1-2~, ~ = rt -#-1 e x p { - a ~ } .  

Submodel 2.3. The invariants of the group are 

6qo+lnt, Ut/r,  Vt /r ,  pr2-2~t-1+2~, pr-2~'t 1+2~'. The 
solution is of the form U = Ul(()r/ t ,  V = l/'l(()r/t. 
p = pl(~)r2~-211-2'~ p = pl(~)r2wt -l-2W, ~ = ~ + 
lnt. 

Submodel 2.4. The invariants of the group are 

aqo - rlt + ln r, U/r, V/r ,  pr 2-2~0, pr  -2~.  

The solution is of the form pr -2'0, U = Ul(()r.  
v = Vl(~)~, p = 11(~)~ 2~-2, p = pl(~)r 2~, ~ = 
aqo - r/t + In r. 

Submodel 2.5. The invariants of the group are 
y / z ,  uz-'l(~+1), vz- ' l ( '+l) ,  pz(1-2~(~'-1))1('+1), 

pz (1-2~')/(c+1). The solution is of the form 
u = U l ( ~ ) z ' / ( , + l ) ,  v = v , ( ~ ) z , l ( , + l ) ,  : = 
pl(~)Z (2r p -" pl(~)Z(2e~--1)](,+l) ~ -- 

Subrnodel 2.6. The invariants of the group are 
yt -6-1, (ut - x)t -~-I, vt -6, ptI-26(~-1), pt 1-2~' . The 
solution is of the form u = u1(~)t 6 + z/t, v = Vl(~)t 6, 
p = p1(~)t26(w-l) -I, p = pl(~)t 2~~ ~ -- yt-:-l. 

Submodel 2.7. The invariants of the group are 

yt -~-I , ut -~, vt -~, pt 1-25(~-I) , pt I-2~ . The solution 
is of the f o r m  u = U l ( ~ ) t  ~, v = Vl (~ ) t  ~, p = 
p l ( ~ ) t  2~(~ p = p l ( ~ ) t  2 ~ - 1 ,  ~ "-- yt-$-x. 

Submodel 2.8. The invari~nts of the group are 

t + ~o, U/r, V/r, pr 2-2~', pr -2~. The solution is of 
the form U = Ul(~)r, V = Vl(~)r, p = p l ( ~ ) r  2w-2, 
p = p l ( ~ ) r  2~, ~ = t + ~. 

Submodel 2.9. The invariants of the group are 

t, U/r, V/r, pr 2-2~, pr -2~. T h e  s o l u t i o n  is of  t he  

form U = Ul(t)r, V = Vl(t)r, p = pl(t)r 2~'-2, p = 
Pl  ( t )  r2w. 

Submodel 2.10. The invariants of the group are 
y/x,  ut/x,  vt/x,  p t 2 w - l z 2 - 2 ~ ~  pt2w+lx-2W. T h e  

solution is of the form u = Ul(~)z/t, v = Vl(~)x/t, 
= 1 1 ( ~ ) 1 1 - 2 ~ 2 - 2 ~ ,  p = p 1 ( ~ ) t - 1 - 2 ~ 2 ~ ,  ~ = u/~ 

Submodel 2.11. The invariants of the group are y, u exp{x}, v exp{x}, p exp{(2w-  1)x}, p exp{(2w+ 1)z}. 
The solution is of the form y, uexp{x},  vexp{x},  p e x p { ( 2 w -  1)x}, pexp{(2w + 1)x}. 

Submodel 2.12. The invariants of the group are y - In t, ut - z, vt, pt 2"-1, pt 2~+1. The solution is of 
the form u = Ul(~)/t + x/ t ,  v = Vl(~)/t , p = p l ( ~ ) t  1-2to, p = p l ( ~ ) t  -1-2~~ ~ = y - l n t .  
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Submodel  2.13. T h e  m v a n a n t s  of the group are y - In t, ut ,  v t ,  pt "2~-t, pt 2~+1. Th e  solution is of th(. 

f o r m  ,, = u , ( ~ ) / t ,  v = , a ( ~ ) / t ,  p = p , (~) t  ~-2~', p = m ( ~ ) t  - ' -2 '~ ,  ~ = y - I n t .  
Submodel  2.14. T h e  invariants of the group are y - c~ In t, ut - x + In t, v t ,  pt 2`0-1, pt 2'~ . The  solution 

is of the form u = (Ul(s r + x - l n t ) / t ,  v = v l ( 4 ) / t ,  p = pl(~)t  1-2'~ p = pi(~)t  -1-2~,  ( = y - a l n  t. 

Submodel  2.16. The  invariants of the group are y / t  - ln t ,  u - x / t ,  v - ln t ,  pt, pt. Th e  solution is ol 

the form u = ul(4)  + z / t ,  v = Vl(~) + ln t ,  p = p l ( ~ ) / t ,  p = p l ( ( ) / t ,  ~ = y / t  - l n t .  
Submodel  2.17. T h e  invariants of the group are y / t  - In t, u, v - In t, pt ,  pt. Th e  solution is of the form 

u = u(~), v = vl(~) + ln t ,  p = p l ( ( ) / t ,  p = p l ( ~ ) / t ,  ~ = y / t  - I n t .  
Submodel  2.18. T h e  invariants  of the group are y / t  - a l n t ,  u - ln t ,  v - a l n t ,  pt,  pt. The  solution is 

of the form u = ul (4)  + ln t ,  v = vl(~) + a l n t ,  p = p l ( ~ ) / t ,  p = p l ( 4 ) / t ,  ~ = y / t  - a l n t .  
Submodel  2.19. T h e  invariants  of the group are y, u -  t, v, p, p. The  solution is of the form u = ul ( y ) +  t. 

v = v ( u ) ,  p = p ( u ) ,  p = p ( u ) .  

Submodel  2.20. The  invariants of the group are y / t ,  u - x / t ,  v, pt,  pt.  Th e  solut ion is of the form 

u = u~(~) + z l t ,  v = v(~) ,  p = p l ( ~ ) / t ,  p = n ( ~ ) / t ,  ~ = u l t .  
Submodel  2.21. T h e  invaxiants of the group are y / t ,  u, v, pt, pt. Th e  solut ion is of the form u = u(~). 

v = v(~),  p = p l ( ~ ) l t ,  p = n ( ~ ) l t ,  ~ = u l t .  
Submodel  2.22. The  invariants  of the group are y e x p  { - r / t} ,  u ex p  { - r / t } ,  v e x p  { - r / t } ,  p exp  {2(1 - 

w)r/t} ,  pe xp  {-2wr / t} .  T h e  solut ion is of the form u = u l ( 4 ) e x p  {r/t}, v = vt(4)  exp {r/t}, p = p l ( ( ) e x p  { 2 ( w -  

1)r/t}, p = P l ( ~ ) exp  {2wr/t}, ~ = y exp { - r / t } .  
Submodel  2.23. T h e  invaxiants of the  group are y / x ,  u / z ,  v / x ,  px 2-2w, p z  -2~.  Th e  solut ion is of the 

form u = u l ( ~ ) x ,  v = vx(~)x, p = p l (~)x  2~0-2, p = pl (~)x 2~a, ~ = y / x .  
Submodel  2.24. T h e  invariants  of the  group are t ,  ( tu  - x ) / y ,  v / y ,  py2-2w, py-2,o. T h e  solut ion is of 

the  form u = ( u l ( t ) y  + x ) / t ,  v = v l ( t ) y ,  p = p l ( t ) y  2~ p = p l ( t ) y2% 
Submodel  2.25. T h e  invaxiants of the  group axe t, u / y ,  v / y ,  py2-2=,, py-2W. T h e  solut ion is of the  form 

It = l t l ( t ) y  , 1/ : Vl( l~)y , p -"  p l ( ~ ) y  2 w - 2 ,  p = p l ( t ) y  2w. 

Subrnodel 2.26. T h e  invaxiants of the  group are 2y - t 2, u - vd, v - t, p, p. T h e  solut ion is of the  form 

It -~- I t l ( ~ )  q- O~t, 11 : V l ( ~ )  q- t ,  tO = tO(~), p = p ( ~ ) ,  ~ : 2y - t 2. 
Submodel  2.27. T h e  invariants  of the  group are y, u, v, tO, p. Th e  solut ion is of the  form It = u(y) ,  

= ~ ( u ) ,  tO = tOCy), p = pCu) .  
In tegra t ion  of the  quo te  sys tem (wi th  accuracy to the  t ransformat ions  defined by the opera tors  X3 and 

XT) leads to the  following two cases: 
(1) T h e  solut ion is res tored  f rom the sys tem 

v = 1~tO, izu' = It, 4tttO'/3 = (cltO - pp - 1)p, 

( , , 3 '  - -  1 k o  /~ -t- ( 7  - -  1)U( u'2 "~ 4Vt2/3); vp + 7pv  -- 

(2) T h e  solut ion is res tored f rom the  sys tem 

v = O, P = Po, u' = pW, p, = Rup~+2/(kopo) .  

Submodel  2.28. T h e  invariants  of the  group are t, tu  - z ,  tv  - y, p, p. T h e  solution is of the form 

u = (u~(t)  + x ) / t ,  v = (v~(t)  + y ) / t ,  p = p( t ) ,  p = p(t) .  
Integrat ion of the  quote  sys tem (with accuracy to the t ransformat ions  defined by the opera tors  X~ and 

Xz) leads to the solut ion 

u = z / t ,  v = y / t ,  p = po/ t  2, p' + 2 ? p / t  = 4(7 - 1 ) p o ' ~  

Submodel  2.29. The  invariants  of the group are t, 5( tu - x)  + g, v, p, p. Th e  solution is of the form 

u = ( (u l ( t )  - y)15 + x ) / t ,  v = v ( t ) ,  p = p(t) ,  p = p(t) .  
In tegra t ion  of the  quote  sys tem (with accuracy to the t ransformat ions  defined by the opera tors  X2 and 
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.u leads to the solution 

x y po p , +  7P (7 - 1)(462/3 + 1) 

Submodel 2.31. The invariants of the group are t, tu - x, v, p, p. The solution is of the form u = 
O , , ( t )  + : : )I t ,  ~, = o ( t ) ,  , = p ( t ) ,  p = p ( t ) .  

Integration of the quote system (with accuracy to the transformations defined by the operators Xl and 
X4) leads to the solution 

u = x / t ,  v = 0, p = po/t, p' + 7pit  = 4(3' - 1)po~t~-2pW/3. 

Submodel 2.32. The invariants of the group are t, u, v, p, p. The solution is of the form u = u(t). 
= o ( t ) ,  p = p ( t ) ,  p = p ( t ) .  

Integration of the quote system (with accuracy to the transformations defined by the operators )(3 and 
X4) leads to the state of rest: 

u = 0, v = 0, p = p0, p = p0- 

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 96-01- 
01888). 

R E F E R E N C E S  

. 

2 .  

. 

L. V. Ovsyannikov, Group Analysis of Differential Equations [in Russian], Nauka, Moscow (1978). 
V. V. Bublik, "Group classification of the two-dimensional equations of motion of a viscous heat- 
conducting perfect gas," PriM. Mekh. Tekh. Fiz., 37, No. 2, 27-34 (1996). 
L. V. Ovsyannikov, "On optimal systems of subMgebras," Dokl. Ross. Akad. Nauk, 333, No. 6, 702- 
704 (1993). 

356 


